Abstract. It is well known that on every compact 3-manifold there is a C 1 flow displaying a singular-hyperbolic isolated set which has no periodic orbits [BDV], [M1]. By contrast, in this paper we prove that every singular-hyperbolic attracting set of a C 1 flow on a compact 3-manifold has a periodic orbit.
Introduction
A well known property of hyperbolic systems is that every hyperbolic isolated set which does not reduce to an equilibrium contains a periodic orbit. It would be interesting to extend this property to partially hyperbolic systems but some extra hypotheses are needed. Indeed, every 3-manifold supports a C 1 flow with a partially hyperbolic isolated 2-torus restricted to which the flow is irrational. The hypothesis we have in mind is that of being volume expanding along the central subbundle. More precisely, we shall consider the singular-hyperbolic sets, a special class of partially hyperbolic sets used in [MP] to classify robust transitive sets in dimension three. Examples of singular-hyperbolic sets are the geometric Lorenz attractor [ABS] , [GW] , the singular horseshoe [LP] , the non-robust example in the Appendix of [MPu] and the example in [MPP1] . Since all these examples are isolated and have periodic orbits, it is tempting to prove that all singular-hyperbolic isolated sets which do not reduce to an equilibrium have a periodic orbit. Nevertheless, this is false as the closure of a homoclinic orbit associated to a hyperbolic equilibrium is a counterexample. For a transitive counterexample, see the variation of the Cherry flow described in [BDV, Example 9.30, p. 180] or [M1] .
In this paper we demand that the set be not only isolated but also attracting, i. e., maximal invariant in a positively invariant neighborhood. Our main result is that a singular-hyperbolic attracting set of a C 1 flow on a closed 3-manifold has a periodic orbit. It gives a sufficient but not necessary condition for a singular-hyperbolic isolated set to have periodic orbits. This is because the singular horseshoe [LP] is singular-hyperbolic, isolated, has periodic orbits but is not attracting.
1.1. Statement of the Main Theorem. Hereafter M denotes a compact 3-manifold and X t denotes a C 1 flow on M . The vector field associated to X t will be denoted by X.
An orbit of X t is the set O = O X (q) = {X t (q) : t ∈ R} for some q ∈ M . The omega-limit set of a point p is the set ω X (p) = {x ∈ M : x = lim n→∞ X tn (p) for some sequence t n → ∞}. The alpha-limit set of p is α X (p) = ω −X (p) where −X is the time-reversed flow. A singularity of X t is a point σ ∈ M such that X(σ) = 0 (equivalently O X (σ) = {σ}). A periodic orbit of X t is an orbit O = O X (p) such that X T (p) = p for some minimal T > 0 (equivalently O is compact and O = {p}). A closed orbit of X t is either a singularity or a periodic orbit of X t . Definition 1. Let X t be a flow on M . A compact set Λ ⊂ M is:
• Invariant if X t (Λ) = Λ for all t ∈ R;
• Transitive if Λ = ω X (p) for some p ∈ Λ;
• Non-trivial if Λ is not a closed orbit of X t ;
• Isolated if there is a compact neighborhood U of Λ such that Λ = t∈R X t (U ) (U is called isolating block );
• Attracting if it is isolated and has a positively invariant isolating block U , i. e., X t (U ) ⊂ U for all t ≥ 0;
• Attractor if it is a transitive attracting set.
The definition of attracting set above is not standard. Actually, many authors call "attractor" what we call "attracting set". See [Mi] where several notions of attractor are discussed.
Definition 2. A compact invariant set H of X t is hyperbolic if there are positive constants K, λ and a continuous invariant tangent bundle decomposition
−λt for all t > 0 and for all x ∈ H.
• E u H is expanding, i. e.
DX −t (x)/ E u x ≤ Ke −λt for all t > 0 and for all x ∈ H.
• E X H is tangent to the vector field X associated to X t .
A closed orbit of X t is hyperbolic if it is hyperbolic as a compact invariant set of X t . Denote by
Av v the minimum norm of a linear operator A.
Definition 3. Let Λ be a compact invariant set of X t . A continuous invariant splitting T Λ M = E Λ ⊕ F Λ over Λ is dominated if there are positive constants K, λ such that DX t (x)/ Ex m(DX t (x)/ Fx ) ≤ Ke −λt for all t > 0 and for all x ∈ Λ.
We shall assume hereafter that E x = 0 and F x = 0 for every x ∈ Λ. A compact invariant set Λ is partially hyperbolic if it exhibits a dominated splitting
−λt for all t > 0 and for all x ∈ Λ.
Now we state the definition of singular-hyperbolic set [BDV] , [MPP2] .
Definition 4 (Singular-hyperbolic set). A singular-hyperbolic set Λ of X t is a partially hyperbolic set with hyperbolic singularities and volume expanding central subbundle E c Λ , i. e., det(DX t (x)/ E c x ) ≥ K −1 e λt for all t > 0 and for all x ∈ Λ.
A singular-hyperbolic attracting set is a singular-hyperbolic set which is also attracting.
Examples of singular-hyperbolic sets on 3-manifolds are the geometric Lorenz attractor and the singular horseshoe [LP] . Although both examples have (dense) periodic orbits the former one is attracting while the later one is not. On the other hand, it is easy to find singular-hyperbolic sets without periodic orbits as an isolated Lorenz-like singularity or else the closure of a homoclinic orbit associated to a singularity. Our main result asserts that attractivity suffices for the existence of periodic orbits on singular-hyperbolic sets. More precisely, we have the following result.
Theorem 1 (Main Theorem). A singular-hyperbolic attracting set of a C 1 flow on a closed 3-manifold has a periodic orbit.
Of course there are examples of singular-hyperbolic attracting sets on which the periodic orbits are not dense (e. g. Figure 3 ).
Roughly speaking the proof of the Main Theorem is as follows. Suppose by contradiction that there is a C 1 flow X t on a closed 3-manifold exhibiting a singularhyperbolic attracting set Λ without periodic orbits. Since Λ is singular-hyperbolic we can find a finite collection of cross-sections nearby Λ such that the return map F associated to these sections will be a hyperbolic triangular map. Since Λ is attracting and has no periodic orbits we will see that F has large domain. We will prove in Theorem 2 that F has a periodic point. This periodic point will be contained in a periodic orbit for the flow. Since Λ is attracting we will obtain that such a periodic orbit is actually contained in Λ. Consequently Λ would contain a periodic orbit of X t , a contradiction. This contradiction proves the result.
1.2. Corollaries. Let us state some corollaries of the Main Theorem. For this we need some short definitions. By the stable manifold theory [HPS] , if O is a hyperbolic closed orbit with splitting
O . An isolated set Λ is C 1 robust transitive if there are a isolating block U of Λ and a neighborhood U of X t (in the space of C 1 flows) such that t∈R Y t (U ) is a nontrivial transitive set of Y for all Y ∈ U. Denote by Cl(B) the closure of B ⊂ M .
The following corollary improves [M2] .
Corollary 1. A singular-hyperbolic attracting set of a C 1 flow on a closed 3-manifold has topological dimension ≥ 2.
Proof. Let Λ be a singular-hyperbolic attracting set as in the statement. By the Main Theorem we have that Λ has a periodic orbit O. Clearly O must be saddletype i. e. dim(E s ) = dim(E u ) = 1. As noted before the unstable set
Corollary 2. A singular-hyperbolic attractor of a C 1 flow on a closed 3-manifold is the closure of the unstable manifold of a hyperbolic periodic orbit.
Proof. Let Λ be a singular-hyperbolic attractor of a C 1 flow X t on a closed 3-manifold. Then, Λ is attracting and so Λ has a periodic orbit O by the Main Theorem. As before we have that O is saddle-type and so dim(W u X (O)) = 2. In addition, W u X (O) ⊂ Λ since Λ is attracting. To prove that W u X (O) is dense in Λ we proceed as in the proof of Theorem 4.1 in [MPa1] using dim(W u X (O)) = 2, the dense orbit and the contracting direction of Λ. This completes the proof.
Corollary 3. A C 1 robust transitive set of a C 1 flow on a closed 3-manifold has a periodic orbit.
Proof. By [MPP2] every C 1 robust transitive set is either a non-trivial isolated hyperbolic set or a singular-hyperbolic attractor (up to reversing the flow). Then the result follows applying the Shadowing Lemma [KH] or the Main Theorem respectively. This paper is organized as follows. In Section 2 we define triangular maps and state Theorem 2 dealing with the existence of periodic points for hyperbolic triangular maps. In Section 3 we state some properties of singular-hyperbolic set. In Section 4 we use these properties to construct families of cross-sections close to the singularities. In Section 5 we prove that the return maps associated to these families satisfy the conditions of Theorem 2. This will be used in Subsection 5.4 to prove the Main Theorem. We will prove Theorem 2 in Appendix 5.4.
The present work is an extended version of our unpublished work [BM] . The main difference between these works is the possible existence of non-Lorenz-like singularities on a singular-hyperbolic attracting set (see Remark 1). We bypass this problem in Section 3 by proving that such singularities play no role in the asymptotic behavior close to the attracting set (see Theorem 4).
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Triangular Maps
In this section we consider certain maps defined on a finite disjoint union Σ of copies of [−1, 1] × [−1, 1]. For simplicity we shall call them triangular maps. This name is reserved in the literature to properly continuous maps in [−1, 1] × [−1, 1] which are skew product, i. e., they preserve the constant vertical foliation (see for instance [BGM] , [JS] ). In our context we shall consider discontinuous maps still preserving a continuous (but not necessarily constant) vertical foliation. We also assume two hypotheses (H1) and (H2) imposing certain amount of differentiability close to the points whose iterates fall eventually in the interior of Σ. They will be verified for return maps associated to cross-section in Proposition 2.
The main result is Theorem 2 asserting the existence of periodic points for hyperbolic triangular maps that satisfy (H1) and (H2) and have large domain. Although this result is related to previous ones in the literature ( [AP] , [KSLP] , [P] , [ABS] ) we cannot apply them to prove ours because the maps we are going to deal with are not necessarily C 2 , can have finite or infinitely many discontinuities or no invariant measures (see for instance hypothesis (H2) in [P, p. 125] or the proof of Theorem 11 [P, p. 142] ). Hyperbolic triangular maps with large domain will appear later in Section 5 as return maps nearby the singularities of a singular-hyperbolic set.
2.1. Definition. Let I = [−1, 1] denote the unit closed interval. Hereafter I i will denote a copy of I and Σ i will denote a copy of the square I 2 = I × I for i = 1, 2, . . . , k. Denote by Σ the disjoint union of the squares Σ i . Put
Given a map F , we denote by Dom(F ) the domain of F . The following is the standard definition of periodic point except by the fact that our maps F are not everywhere defined.
A curve c in Σ is the image of a C 1 injective map c : Dom(c) ⊂ R → Σ with Dom(c) being a compact interval. We often identify c with its image set. A curve c is vertical if it is the graph of a C 1 map g : I i → I i , i. e., c = {(g(y), y) : y ∈ I i } ⊂ Σ i for some i = 1, . . . , k.
Definition 6. A continuous foliation F i on a component Σ i of Σ is called vertical if its leaves are vertical curves and the curves L −i , L 0i , L +i are leaves of F i . A vertical foliation F of Σ is a foliation which restricted to each component Σ i of Σ is a vertical foliation.
It follows from the definition above that the leaves L of a vertical foliation F are vertical curves hence differentiable ones. In particular, the tangent space T x L is well defined for all x ∈ L.
Definition 7. Let F : Dom(F ) ⊂ Σ → Σ a map and F be a vertical foliation on Σ. We say that
If F is a vertical foliation on Σ a subset B ⊂ Σ is a saturated set for F if it is union of leaves of F. We shall write F-saturated for short.
2.2. Hyperbolic triangular maps. It is easy to find examples of triangular maps without periodic points. On the other hand, the return map associated to the geometric Lorenz attractor [GW] is a triangular map plenty of periodic points. This last example suggests the existence of periodic orbits for triangular maps with some hyperbolicity. The hyperbolicity will be defined through cone fields in Σ: Denote by T Σ the tangent bundle of Σ. Given x ∈ Σ, α > 0 and a linear subspace
Here ∠(v x , V x ) denotes the angle between a vector v x and the subspace V x . A cone field in Σ is a continuous map
Now we can define hyperbolic triangular map.
Definition 9 (Hyperbolic triangular map). Let F : Dom(F ) ⊂ Σ → Σ be a triangular map with associated vertical foliation F. Given λ > 0 we say that F is λ-hyperbolic if there is a cone field C α in Σ such that:
(1) C α is transversal to F.
(2) If x ∈ Dom(F ) and F is differentiable at x, then
and
2.3. Hypotheses (H1) and (H2). They impose some regularity around those leaves whose iterates eventually fall into Σ \ (L − ∪ L + ). To state them we will need the following definition. If F is foliation we use the notation L ∈ F to mean that L is a leaf of F.
For all L ∈ F contained in Dom(F ) we define the (possibly ∞) number n(L) as follows:
Essentially n(L) + 1 gives the first non-negative iterate of L falling into Σ \ (L − ∪ L + ). This number plays fundamental role in the following definition.
Definition 11 (Hypotheses (H1) and (H2)). Let F : Dom(F ) ⊂ Σ → Σ be a triangular map such that L − ∪ L + ⊂ Dom(F ). We say that F satisfies:
These hypotheses present two alternatives for the image of a connected neighborhood S of L: it is either connected, and the restricted map is C 1 (Figure 1 ), or breaks in two pieces where the map is C 1 (Figure 2 ). The integers n 1 (L * ), n 2 (L * ) in (H2) appear because of the breaking at F (L * ).
2.4. Statement of Theorem 2. The theorem will deal with the existence of periodic points for hyperbolic triangular maps satisfying (H1) and (H2). The motivation is the Lorenz attractors return map which has a periodic point; and is a λ-hyperbolic triangular map satisfying (H1) and (H2) with λ large and Dom(F ) = Σ \ L 0 . Our theorem essentially says that the last property implies the first. More precisely, we have the following.
Theorem 2. Let F be a λ-hyperbolic triangular map satisfying (H1) and (H2) with λ > 2 and Dom(F ) = Σ \ L 0 . Then, F has a periodic point.
We have two difficulties for the proof this result: The first one relies on the possible existence of finite or infinitely many discontinuities in a triangular map (this problem does not appear in the one-dimensional Lorenz map where the set of discontinuities D(F ) is empty, see (A.1) in the Appendix for the definition of D(F )). The second one is the lack of differentiability of the foliation F which makes the one-dimensional map f induced by F only C 0 . The first problem will be handled satisfactory with the hypotheses (H1) and (H2). The second problem will be handled by just adapting the argument used by Guckenheimer and Williams to prove that one-dimensional Lorenz maps with derivative > √ 2 are leo (i. e. locally eventually onto, see [GW] ). The idea is to consider the "derivative" of f as being the derivative of F along the invariant cone field in Definition 9 (see Claim 1). This is the reason why we assume λ > 2 in Theorem 2. This lower bound suffices to prove the Main Theorem by Corollary 6. It seems that the conclusion of Theorem 2 holds true not only for λ > √ 2 but also for all λ > 1.
Since the proof of Theorem 2 is technical we include it in Appendix 5.4.
Properties of Singular-Hyperbolic Sets
We start by describing the singular-hyperbolic splitting
Λ of a nontrivial connected singular-hyperbolic set Λ. Afterward we study the singularities of a singular-hyperbolic attracting set.
3.1. Preliminaries. Hereafter X t denotes a C 1 flow on a closed 3-manifold M . The vector field associated to X t will be denoted by X. If L is either a linear space or a a submanifold of M we denote by dim(L) the dimension of L.
The Invariant Manifold Theory [HPS] asserts that if H is a hyperbolic set of X t , and p ∈ H, then the sets
are immersed submanifolds of M of class C 1 . These manifolds are called strong stable and strong unstable manifolds of p. It turns out that W ss X (p) and W uu X (p) are tangent respectively to the linear spaces E s p and E u p at p. A closed orbit O of X t is hyperbolic if it is hyperbolic as a compact invariant set. In this case we have
A hyperbolic closed orbit O is saddle-type if E s p = 0 and E u p = 0 for some (and hence for all) p ∈ O.
3.2. The splitting. The following gives a description of the singular-hyperbolic splitting for non-trivial connected singular-hyperbolic sets.
Theorem 3. Let Λ be a non-trivial connected singular-hyperbolic set of X t . If
Λ is the singular-hyperbolic splitting of Λ, then:
Proof. First we claim that
Indeed, suppose by contradiction that it is not so. Then, X(x 0 ) ∈ E s x0 for some x 0 ∈ Λ\Sing(X). It follows from the invariance of E s that X(x) ∈ E s x for every x in the orbit of x 0 . Hence X(x) ∈ E s x for all x ∈ α X (x 0 ), and so, ω X (x) is a singularity for all x ∈ α X (x 0 ). In particular, α X (x 0 ) contains a singularity σ which is necessary saddle-type. Now we have two cases:
. This proves the claim in the first case. If
and then we get a contradiction as in the first case replacing x 0 by x 1 . This contradiction proves the claim in the second case. The claim is proved.
Second we claim that the angle between E s x and X(x) is uniformly bounded away from 0 for x ∈ Λ \ Sing(X). Indeed, the claim implies that the angle between E s x and X(x) is uniformly bounded away from 0 far from the singularities for every x ∈ Λ \ Sing(X). On the other hand, by using linearizing coordinates, we can prove that such an angle is also uniformly bounded away from 0 close to the singularities. This proves our second claim.
Statement (1) of the theorem follows from the second claim and the dominance of E s . Indeed, take x ∈ Λ, t > 0 and define v t = X(X −t (x)). The second claim implies that the angle between v t and E s X−t(x) is bounded away from zero. Because of such a bound, the dominance of E s over E c we have that the angle between DX t (X −t (x))(v t ) = X(x) and E c x can be made arbitrarily small. Consequently X(x) ∈ E c x proving statement (1). Next we prove that
Suppose by contradiction that it is not so. Then, dim(E c x0 ) = 1 for some x 0 ∈ Λ. Since E c is continuous and Λ is connected we obtain dim(E c x ) = 1 for every x ∈ Λ. Consequently E c Λ would be expanding for it is also volume expanding. This together with the second claim yields DX t (x)(X(x)) → ∞ (as t → ∞) for every x ∈ Λ \ Sing(X). As Λ is compact we would have a contradiction unless Λ \ Sing(X) = ∅. As Λ is connected we would have that Λ is a singularity of X t which is absurd since Λ is non-trivial. This contradiction shows that dim(E c x ) = 2 for every x ∈ Λ.
Finally we prove statement (2) of the theorem. Since Λ is connected and the splitting is continuous we get that dim(E s x ) = 3 − dim(E c x ) = 3 − 2 = 1 for all x since dim(E c x ) = 2 for all x ∈ Λ. This proves the result. 3.3. Describing singularities on a singular-hyperbolic set. Here we describe the singularities contained in a singular-hyperbolic attracting set. For this we state the following definition.
Definition 12. A singularity is Lorenz-like if it has real eigenvalues λ 1 , λ 2 , λ 3 and, up to some order, they satisfy the eigenvalue relation
The following remark is the main motivation for this subsection.
Remark 1. [MP] observed that all the singularities of a singular-hyperbolic attractor are Lorenz-like. However, this is not true for singular-hyperbolic attracting sets in general (see example in Figure 3 ). In particular, the conclusion in Proposition 9.25(1) in [BDV] is not correct. The mistake relies on the definition of attached singularity used there (see [BDV, p. 178] Let us introduce some invariant manifolds associated to Lorenz-like singularities σ. First of all we observe that σ is hyperbolic, and so, the stable and unstable manifolds W s X (σ), W u X (σ) exist. Moreover, they are tangent at σ to the eigenspaces associated to the set of eigenvalues {λ 2 , λ 3 } and {λ 1 } respectively. In particular, W s X (σ) is two-dimensional and W u X (σ) is one-dimensional. A further invariant manifold exists and is tangent to the eigenspace associated to the subset of eigenvalues {λ 2 }. This fact is used in the following definition.
Definition 13. Let σ be a singularity of a C 1 flow X t which is either Lorenz-like or has two positive eigenvalues. If σ is Lorenz-like we define W ss X (σ) as the invariant manifold of X t tangent at σ to the eigenspace associated to {λ 2 }. Otherwise we put W ss X (σ) = W s X (σ). In each alternative in the above definition, W ss X (σ) is a one-dimensional submanifold. The following lemma presents an elementary dichotomy for the singularities of a singular-hyperbolic attracting set. Lemma 1. Let Λ be a connected singular-hyperbolic set of X t . If σ ∈ Sing(X) ∩ Λ, then σ is Lorenz-like or has two positive eigenvalues. In any case we have
Proof. First we prove that σ is Lorenz-like or has two positive eigenvalues. Denote by
Λ the singular-hyperbolic splitting of Λ. If Λ is trivial then the result also is. Then assume that Λ is non-trivial. As Λ is also connected, Theorem 3 implies that X(x) ∈ E c x and dim(E s x ) = 1 for every x ∈ Λ. In particular dim(E s σ ) = 1 and so σ has a (strong) contracting eigenvalue λ 2 < 0. If σ has only one contracting eigenvalue, then σ has two positive eigenvalues and we are done in this case. So, we can assume that σ has another negative eigenvalue λ 3 . Clearly one has λ 2 < λ 3 < 0 by dominance. Since dim(M ) = 3 and no singularity in a singular-hyperbolic set can be attracting (by the volume expanding condition) we have that there is a third eigenvalue λ 2 < λ 3 < 0 < λ 1 of σ. It follows from the volume expanding condition that −λ 3 < λ 1 . In this case we have that σ is Lorenz-like and we are done.
To finish we prove Λ ∩ W ss X (σ) = {σ}. By contradiction suppose that it is not so. Then, there is
implying X(x 0 ) = 0 which is absurd. This contradiction proves the equality.
The two alternatives in Lemma 1 can occur in the same singular-hyperbolic set (see Figure 3 ). The following corollary will be used in the Subsection 4.2 to construct invariant foliations for return maps.
Corollary 4. Let Λ be a singular-hyperbolic attracting set of X t . If
(3) If σ ∈ Sing(X) ∩ Λ, then σ is Lorenz-like or has two positive eigenvalues.
In any case we have
We can assume that Λ is connected for, otherwise, we consider the connected components. In addition, Λ is non-trivial for otherwise Λ would be a saddle-type singularity contradicting the hypothesis that Λ is attracting. Then the result follows from Theorem 3 and Lemma 1.
The following theorem generalizes the observation of [MP, Remark 1] (the observation follows applying the theorem to the dense orbit of the attractor).
Theorem 4. Let σ be a singularity of a singular-hyperbolic attracting set Λ of X t . If there are an isolating block U of Λ and x ∈ U \ W ss X (σ) such that σ ∈ ω X (x), then σ is Lorenz-like and satisfies
Proof. Let Λ be a singular-hyperbolic attracting set of X t . As in the proof of the previous corollary we can assume that Λ is connected for, otherwise, we consider the connected components.
Let U be an isolating block of Λ. Suppose that σ ∈ Sing(X) ∩ Λ satisfies σ ∈ ω X (x) for some x ∈ U \ W ss X (σ). The equality follows from Lemma 1. Let us prove that σ is Lorenz-like. Since Λ is attracting and U is an isolating block of Λ we have ω X (x) ⊂ Λ and so σ ∈ Λ.
Assume by contradiction that σ is not Lorenz-like. Then, σ has two positive eigenvalues by Lemma 1. As
As σ has two positive eigenvalues one has
. Putting these facts together one has Λ ∩ (W ss X (σ) \ {σ}) = ∅ contradicting the equality in Lemma 1. This proves the result. Proposition 1. Let Λ be a singular-hyperbolic attracting set of a C 1 flow X t on a closed 3-manifold. If Λ has no Lorenz-like singularities, then Λ has a periodic orbit.
Proof. Choose x ∈ Λ \ Sing(X) (such a point clearly exists). Clearly x is contained in any isolating block of Λ. We claim that ω X (x) has no singularities. Indeed, suppose by contradiction that ω X (x) has a singularity σ. By hypothesis Λ has no Lorenz-like singularities and so σ is not Lorenz-like too. Hence W Now we conclude the proof of the proposition. Clearly ω X (x) ⊂ Λ since Λ is compact. The claim and [MP] imply that ω X (x) is a hyperbolic set. It follows from the Shadowing Lemma for flows [KH] that there is a periodic orbit of X t close to ω X (x). Since Λ is attracting we have that such a periodic orbit is contained in Λ. Then we obtain the result.
We don't know if every singular-hyperbolic attracting set with singularities must contain a Lorenz-like one 1 .
Singular Cross-Section
The purpose of this section is to construct a family of cross-sections to be called singular cross-sections. Afterward, in Section 5, we prove that the return map associated to these sections is a hyperbolic triangular maps with large domain. A similar construction was considered in [MPa2] .
4.1. Construction of singular-cross sections. Let X t be a C 1 flow on a compact 3-manifold M and let σ be a Lorenz-like singularity of X t . Then, σ is hyperbolic. It follows that the stable and unstable manifolds W s X (σ), W u X (σ) exist and are tangent at σ to the eigenspace associated to the set of eigenvalues {λ 2 , λ 3 } and {λ 1 } respectively [HPS] . In particular, dim(W Figure 4 . Singular cross-section
Definition 15. Let Λ be a singular-hyperbolic attracting of X t . A singular crosssection of Λ is a disjoint collection
We still denote by S the union of the elements of S. The singular curve of S is the associated collection of singular curves [HPS] implies that the line field E s U (Λ) is integrable, i. e., tangent to an invariant continuous one-dimensional contracting foliation F ss on U (Λ) (see also [BP, Proposition 2.3, p. 181] or [BDV, Appendix B] ).
If P is a foliation we denote by P x the leaf of P containing x. Now, let S be a singular cross-section of Λ contained in U (Λ). We shall construct a foliation F on S by projecting F ss onto S. More precisely, if I ⊂ R and B ⊂ M we define X I (B) = {X t (x) : (t, x) ∈ I × B}.
If > 0 and x ∈ U (Λ) we define If x ∈ S we define F x, = F ss x, ∩ S. By replacing S by an small section around l if necessary we can assume that the vertical boundary of S have the form F x, . Hence, since S is compact (and formed by regular points), we can find > 0 such that if F x = F x, , then the family
is a continuous one-dimensional foliation of S such that the curves in l are leaves of F.
Refinement.
We use the foliation F in Subsection 4.2 to refine a singular cross-section S ⊂ U (Λ) in the following way. Let S be a singular-cross-section of Λ. By definition S is a disjoint collection S = {S 
We have depicted S t (δ) = S t σ (δ) in Figure 4 . It follows from the definition that S * σ and S * σ (δ) have the same singular curve l * σ . In addition, ∂ h S * σ (δ) ⊂ ∂ h S * σ and S * σ (δ) is invariant for the foliation F in S. Since S is a singular cross-section of Λ we conclude that the set
is also a singular cross-section of Λ. Note that S and S(δ) have the same singular curve l.
The Main Theorem
In this section we prove the Main Theorem (Theorem 1). This will be done in Subsection 5.4. Previously we need results dealing with the return maps associated to singular cross-sections. Hereafter Λ will be a singular-hyperbolic attracting set of a C 1 flow X t on a closed 3-manifold M . given by
where Dom(Π) and T (x) denotes respectively the domain of Π and the first (positive) return time of x respectively. It is clear that
where l is the singular curve of S (see Definition 15). The following result proves Dom(Π) = S \ l if the flow X t has no periodic orbits in Λ.
Lemma 2. Let Λ be a singular-hyperbolic attracting set of X t . Let S be a singular cross-section of Λ with small diameter and close to Λ. If X t has no periodic orbits in Λ, then Dom(Π) = S \ l.
Proof. Let Λ be a singular-hyperbolic attracting of X t . We can assume that Λ is connected for, otherwise, we consider each connected components separately. Define Sing * = Sing(X) \ LSing X (Λ).
By Lemma 1 we have that if γ ∈ Sing * , then γ has two positive eigenvalues. Define
Since γ has two positive eigenvalues for γ ∈ Sing * we have that W \ Sing * consists of finitely many orbits. Again by Lemma 1 we have that
Fix a positively invariant isolating block U of Λ. Since the positive orbits of the points in W \ Sing * converge to Sing * the above relation implies that the negative orbits of these points exit U . Let S be a singular cross-section of Λ which has small diameter and is close to Λ. By these two properties (and the fact that W \ Sing * has finitely many orbits) we can assume S ⊂ U and further S does not intersect the orbits forming W \ Sing * . Now assume that X t has no periodic orbits in Λ. To prove Dom(Π) = S \ l we proceed as follows.
We already noted the inclusion
Conversely let x ∈ S \ l be fixed. First we claim that ω X (x) ∩ Sing(X) = ∅. Indeed, suppose by contradiction that ω X (x) ∩ Sing(X) = ∅. Then ω X (x) is hyperbolic [MP] and so, by the Shadowing Lemma for flows [KH] , we can find a periodic orbit O of X t close to ω X (x). Since x ∈ S ⊂ U and U is an isolating block we have ω X (x) ⊂ Λ. In particular, O ⊂ U and then O ⊂ Λ which contradicts the assumption that Λ has no periodic orbits. This proves our first claim. By the first claim we can pick σ ∈ ω X (x) ∩ Sing(X). Second we claim that σ is Lorenz-like. Indeed, suppose by contradiction that it is not so. Then σ ∈ Sing * and W ss X (σ) = W s X (σ) by the definition of Sing * and W ss X (σ) respectively. Now, x / ∈ W s X (σ) since x is not a singularity and S does not intersect the orbits forming W \ Sing * . In addition, x ∈ S ⊂ U which is an isolating block of Λ. Consequently x ∈ U \ W s X (σ) = U \ W ss X (σ). Applying Theorem 4 to the isolating block U we would obtain that σ is Lorenz-like which is absurd. This contradiction proves our second claim. By the second claim we have σ ∈ LSing X (Λ).
As S is a singular cross-section of Λ and σ ∈ ω X (x) is Lorenz-like we obtain x ∈ Dom(Π). This proves S \ l ⊂ Dom(Π) and so Dom(Π) = S \ l as desired.
5.2.
Return maps for refinement. Consider a singular-cross-section S and its refinement S(δ) described in Subsection 4.3. Then, S(δ) is a singular cross-section of Λ too. For simplicity we denote by Π δ = Π S(δ) the return map associated to S(δ) and by T δ (x) the return time of x ∈ Dom(Π δ ). Clearly S(δ) ⊂ S and so S(δ) ⊂ U (Λ) for all δ, where U (Λ) is the domain of the foliation introduced in Subsection 4.2.
Figure 6. Proof of Lemma 3
A simple but important observation is that the return time T δ is uniformly large as δ → 0 + , namely
Recall the definition of the foliation F in Subsection 4.2.
Lemma 3. Let S be a singular cross-section of Λ with small diameter and close to Λ. Let S(δ) be the refinement of S defined in Subsection 4.3. Then, the following properties hold for all δ > 0 small :
Proof. Let U be an isolating block of Λ. Let U (Λ) be the domain of the strong stable foliation F ss in Subsection 4.2. Assume that U ⊂ U (Λ). Let S be a singular cross-section of Λ with small diameter and close to Λ. Hence we can assume that S ⊂ U . Consequently S(δ) ⊂ U for all δ and so F is a foliation of S(δ) for all δ.
By (5.1) one has that T δ is uniformly large for δ > 0 small. By definition
for all δ. Recall that LSing X (Λ) denotes the set of Lorenz-like singularities of X t in Λ (Notation 1). Now pick x ∈ Dom(Π δ ). Then, there is σ ∈ LSing X (Λ) and * ∈ {t, b} such that
We can assume that L is contained in F ss x by projecting along the flow. Since T δ is uniformly large we have that the positive orbits starting at L stay uniformly close to that of x.
In addition, Π δ (x) is close to Λ ∩ S(δ) which in turns is far from ∂ h S(δ) by (5.2) and Definition 15. Then,
). See Figure 6 . Projecting along the flow we obtain L ⊂ Dom(Π δ ) and
This proves (1). Setting f (L) = F Π δ (x) we obtain (2) by the Tubular Flow Box Theorem [dMP] .
The following lemma will be proved using the methods in [MPa2] , p. 1588-1596.
Lemma 4. Suppose that X t has no periodic orbits in Λ. Let U a neighborhood of Λ and λ > 0 be fixed. Then, there is a singular cross-section S ⊂ U of Λ such that if S(δ) is the refinement of S defined in Subsection 4.3, then for all δ > 0 small there is a cone field C α in S(δ) with the following properties:
(1) C α is transversal to F/ S(δ) .
(2) If x ∈ Dom(Π δ ) and Π δ is differentiable at x, then
Proof. Clearly Λ is Lyapunov stable since it is attracting. Then, by Lemma 6.5 from [MPa2] , for all α ∈ (0, 1] there are a neighborhood U α ⊂ U of Λ and constants T α , K α , λ α > 0 such that the following properties hold:
(1) The singular-hyperbolic splitting
where N x is the orthogonal complement of X(x) in T x M ; and P t x is the Linear Poincaré Flow induced by X t (see [MPa2, p. 1589] ). Now, assume that X t has no periodic orbits in Λ. Then, we can pick σ ∈ LSing X (Λ) by Proposition 1. Applying Lemma 6.6 from [MPa2] we have that there are singular cross-sections S t σ , S b σ associated to σ such that the following additional properties hold:
. Now we proceed as in the proof of Lemma 6.8 from [MPa2] :
3) For such an α we let U α , T α , K α , λ α > 0 be satisfying properties (1)-(3) above. For each σ ∈ LSing X (Λ) we choose the singular cross-sections S First, property (4) and the fact that U α ⊂ U imply S ⊂ U.
Next, we observe that Lemma 4(1) follows because α > 0 in (5.3). Finally we prove Lemma 4(2). Fix D > 0 such that
Fix T λ > 0 large enough such that
Define the cone field C α in S by (16) [MPa2, p. 1596] 
one has
Then, property (2) above implies
for all x ∈ Dom(Π δ ) where DΠ δ (x) exists. In addition, properties (3) and (6) above imply
Because T δ (x) is large for δ > 0 small (see (5.1)) we obtain
Then, (5.4) implies
proving Lemma 4(2). This finishes the proof of the lemma. It follows that the whole section S(δ) can be identified with a finite collection Σ = Σ δ of squares with
With these identifications in mind we define
Of course F and Dom(F ) depend on δ. Hence we have a map
which is nothing but the return map induced by the flow X t on the section S(δ). This map is the subject of this subsection. We start with the following corollary.
Corollary 5. Let S be a singular cross-section of Λ with small diameter and close to Λ. Let S(δ) be the refinement of S defined in Subsection 4.3. Let F be the foliation induced by the stable foliation of X t in S (Subsection 4.2). If F is the map in (5.5), then the following properties hold for all δ > 0 small : (1) F is a triangular map with associated foliation F/ S(δ) .
(2) If X t has no periodic orbits in Λ, then
Proof. Part (1) follows from Definition 8 of triangular maps, Lemma 3 and (5.5). Part (2) follows from Lemma 2.
We use this corollary to prove the following.
Corollary 6. Suppose that X t has no periodic orbits in Λ. Then, for every λ > 0 there is a singular cross-section S of Λ close to Λ such that if S(δ) is the refinement of S in Subsection 4.3, and F is the map in (5.5), then F is a λ-hyperbolic triangular map with Dom(F ) = Σ \ L 0 for all δ > 0 small.
Proof. Fix λ > 1. Let U be a neighborhood of Λ close to Λ. Let S ⊂ U be the singular cross-section given in Lemma 4 for such λ and U . Taking δ > 0 small, U close to Λ and replacing S by S(δ) if necessary we can assume that S has small diameter and is close to Λ. Then, F is a triangular map with associated foliation F/ S(δ) by Corollary 5(1). As X t has no periodic orbits in Λ we have Dom(F ) = Σ \ L 0 by Corollary 5(2). To finish we see that F is λ-hyperbolic by (1) and (2) in Lemma 4: They are precisely (1) and (2) in Definition 9. This finishes the proof.
We finish this subsection proving that if X t has no periodic orbits in Λ, then the δ-dependent return map F satisfies (H1) and (H2) for δ > 0 small. The proof is a straightforward application of the Tubular Flow-Box Theorem [dMP] .
Proposition 2. Suppose that X t has no periodic orbits in Λ. Let S be a singular cross-section of Λ with small diameter and close to Λ. Let S(δ) be the refinement of S defined in Subsection 4.3. Then, the map F in (5.5) is a triangular map satisfying (H1) and (H2) for all δ > 0 small. Proof. Corollary 5 implies that F is a triangular map with associated foliation F/ S(δ) . Furthermore Dom(F ) = Σ \ L 0 . It remains to prove (H1) and (H2). It is here where the Tubular Flow Box Theorem is used. To simplify the notation we write F instead of F/ S(δ) . We suggest to remember the Definition 10 of n(L).
1 in a connected neighborhood of L by the Tubular Flow Box Theorem. This finishes the proof.
Proof of (H2). Let
It follows from the definition of n(L * ) that
(This is remarked also in Lemma 5(4) of the Appendix). Recalling the definition of n(L * ) one has that
i is part of an small extension of Σ (as a cross-section of X t ).
By the Tubular Flow-Box Theorem we can choose these bands in a way that the positive trajectories starting at V i go directly to V i+1 and the positive orbits in the last band V n(L * ) goes directly to Σ \ (L − ∪ L + ).
There are two cases to consider, namely
We shall consider the case
We make S close to L * by just taking L and L close to L * . Clearly S is a saturated neighborhood of L * in Σ which is also connected. On the other hand, S \ L * has two connected components, i. e., the saturated sets
We shall prove that if S is close to L * then S satisfies (H2).
If S is close to L * then the positive trajectories of X t starting at S go directly to V 1 since F (L * ) ⊂ L 1 . The positive trajectories in one component of S \ L * (say S 1 ) go directly to V Then, for the first component S 1 , one has F (S 1 ) ⊂ V 1 1 and so
For this component we define
This definition and the previous inclusion imply
Now we take care of the component S 2 . The positive trajectories through S 2 meet successively the bands
Observe that i 0 = 1 by the Tubular Flow Box Theorem because we have assume that the positive trajectories through S 1 goes directly to V 1 1 . Consequently
On the other hand,
All together imply (1) and (3) of (H2). We obtain (2) of (H2) as a consequence of the Tubular Flow Box Theorem. This finishes the proof when
The proof when L * ⊂ L − ∪ L + follows from similar arguments with the sole exception that we have that S \ L * has one component instead of two. This completes the proof.
5.4. Proof of the Main Theorem. Let Λ be a singular-hyperbolic attracting of a C 1 flow X t on a closed 3-manifold M . To prove that Λ has a periodic orbit we assume by contradiction that this is not so. Fix λ > 2. Then, by Corollary 6, there is a singular cross-section S close to Λ such that if F is the return map of the refinement S(δ) of S in Subsection 4.3, then there is δ > 0 such that F is a λ-hyperbolic triangular map with Dom(F ) = Σ \ L 0 (recall the notation F = Π δ , Σ = S(δ) and L 0 = l at the beginning of Subsection 5.3). We also have that F satisfies (H1) and (H2) in Subsection 2.3 by Proposition 2 since S is close to Λ. Then, F has a periodic point by Theorem 2 since λ > 2. This periodic point belongs to a periodic orbit of X t which in turns belongs to Λ since it is attracting. Consequently X t has a periodic orbit in Λ, a contradiction. This contradiction proves the result.
In this Appendix we shall prove Theorem 2. The proof is divided in three subsections. In Subsection A.1 we present some preliminary lemmas for the proof. In Subsection A.2 we study hyperbolic triangular maps with large domain. In Subsection A.3 we prove the theorem.
A.1. Preliminary lemmas. Hereafter we fix Σ as in Subsection 2.1. Then k is the number of components of Σ. We shall denote by SL the leaf space of a vertical foliation F on Σ. It turns out that SL is a disjoint union of k copies I 1 , . . . , I k of I. We denote by F B the union of all leaves of F intersecting B. If B = {x}, then F x is the leaf of F containing x. If S, B ⊂ Σ we say that S covers B whenever B ⊂ F S .
The lemma below quotes some elementary properties of n(L) in Definition 10.
Lemma 5. Let F : Dom(F ) ⊂ Σ → Σ be a triangular map with associated vertical foliation F. If L ∈ F and L ⊂ Dom(F ), then:
(1) If F has no periodic points and
If F : Dom(F ) ⊂ Σ → Σ is a triangular map with associated foliation F, then we also have an associated one-dimensional map
This map allows us to consider the lateral limits
for all L * * ⊂ Cl(Dom(F )) where they exist (as usual the notation
We use this map in the definition below.
Definition 16. Let F : Dom(F ) ⊂ Σ → Σ a triangular map with associated foliation F and f : Dom(f ) ⊂ SL → SL its associated one-dimensional map. Then we define:
(
The lemma below is a direct consequence of (H2).
Lemma 6. Let F : Dom(F ) ⊂ Σ → Σ a triangular map satisfying (H2) and F be its associated foliation.
and f (L * −) exist. In each case the corresponding limits belong to
In case (3) we have f (L * +) = f (L * −) and just one them is f (L * ).
Proof. The hypotheses imply that there is a neighborhood S of L * as in (H2). To
where n 1 (L * ) is given in statement 2 of the hypothesis (H2). The conclusion follows
Analogously we can prove (2) and also
(3) and the last part of the lemma follow from similar arguments considering the two components of S \ L * .
Given a map F : Dom(F ) ⊂ Σ → Σ we define its discontinuity set D(F ) by
In the sequel we derive useful properties of Dom(F ) and D(F ). The first one will be used only in the proof of Theorem 2 in Subsection A.3.
. These properties are equivalent to n(L) = 0 by Lemma 5(2). Then, by (H1), there is a neighborhood of L in Σ restricted to which F is C 1 . In particular, F would be continuous in L which is absurd.
Lemma 8. Let F : Dom(F ) ⊂ Σ → Σ a triangular map satisfying (H1) and (H2) and F be its associated foliation. If F has no periodic points and
Proof. It suffices to show that for any x ∈ Dom(F ) \ D(F ) there is a neighborhood S of F x in Σ such that F/ S is C 1 . To find S we proceed as follows. Fix x ∈ Dom(F ) \ D(F ). As Dom(F ) is F-saturated, one has F x ⊂ Dom(F ) and so n(F x ) is well defined. Lemma 5(1) implies
So, we can choose S as the neighborhood of L * in (H2). Let us prove that this neighborhood works.
, then S \ L * has two connected components S 1 , S 2 . By statement 3 of (H2) we can assume n 1 (L * ) > 1 where n 1 (L) comes from statement 2 of (H2). Choose sequence
by statement 2 of (H2). As F is continuous in x we also have F (x 1 i ) → F (x) and then F n 1 (L * ) (x) = F (x) because limits are unique. Thus, F n 1 (L * )−1 (x) = x because F is injective and so x is a periodic point of F since n 1 (L * ) − 1 ≥ 1. This contradicts the non-existence of periodic points for F . The claim is proved.
The claim implies that S \ L * has a unique component S 1 (say). For this component one has n 1 (L * ) = 1 since F is continuous in x ∈ L * . Then, F/ S is C 1 by the last part of statement 2 of (H2). This finishes the proof.
Lemma 9. Let F : Dom(F ) ⊂ Σ → Σ be a triangular map satisfying (H1) and (H2). If F has no periodic points and
A.2. Hyperbolic triangular maps with large domain. In this subsection F : Dom(F ) ⊂ Σ → Σ will be a λ-hyperbolic triangular map satisfying (H1) and (H2) with λ > 2. We also assume that F has large domain, namely
The foliation and the cone field associated to F will be denoted by F and C α respectively.
We shall denote by < the natural order in the leaf space I i of F i , where F i is a vertical foliation in Σ i (i = 1, . . . , k). A vertical band in Σ is nothing but a region in between two disjoint vertical curves L, L in the same component If c is a curve in Σ we denote by c 0 , c 1 its end points. We denote Cl(c) = c ∪ {c 0 , c 1 } and Int(c) = c \ {c 0 , c 1 }. An open curve will be a curve without end points. We say that c is tangent to C α if c (t) ∈ C α (c(t)) for all t ∈ Dom(c).
Definition 17. A subset B of Σ is F-discrete if it corresponds to a set of leaves whose only points of accumulations are the leaves in L 0 .
Lemma 10. If F has no periodic points, then:
Proof. First we prove (1). By contradiction, suppose that
So, without loss of generality, we can assume that L n converges to a leaf
As L n ∩ L * = ∅ for all n we can further assume that L n ∈ S 1 where S 1 is one of the (possibly equal) connected components of S \L * . As
This proves (1). Now we prove (2). Fix i ∈ {1, . . . , k} such that
and by Lemma 8 we obtain that F is C 1 in c. Thereby, F (c) is a curve transversal to F intersecting a leaf L at least twice. This is a contradiction. We conclude that f / (L0i,B] is monotone so f (L 0i +) exists. This proves (2).
The proof of (3) is similar.
Proof. By Lemma 8 we have that Dom(F )\D(F ) is F-saturated and F/ Dom(F )\D(F ) is C 1 . Then, c and c * projects (via F) into two intervals in SL still denoted by c and c * respectively. The assumptions imply that f i (c * ) is defined for all 0 ≤ i ≤ n − 1 and f n (c
n / L * * is continuous the Brower Fixed Point Theorem implies that F n has a fixed point. This fixed point represents a periodic point of F . The result follows.
Lemma 12. F carries a curve c ⊂ Dom(F ) \ D(F ) tangent to C α (with length |c|) into a curve tangent to C α (with length ≥ λ · |c|).
Proof. Let c : Dom(c) → Dom(F ) \ D(F ) be a curve tangent to C α . If t ∈ Dom(c) and c (t) ∈ C α (c(t)), then DF (c(t))c (t) ∈ C α (F (c(t)), because
Also,
The proof follows.
Lemma 13. Suppose that F has no periodic points. Let L, L be different leaves in
Proof. Without loss of generality we can assume L < L (in the natural order). 
The proof is based on the following claim. This claim will be proved adapting the arguments used by Guckenheimer and Williams to prove that Lorenz's maps with derivative > √ 2 are leo (see [GW] ).
Claim 1.
There are an open curve c * * ⊂ c and n (c) > 0 such that First we assume that L, L ⊂ D(F ). As F n (c) (c * * ) is tangent to C α , and covers (L, L ), we can assume that F n (c) (c * * ) itself is a C α -spine of (L, L ). Then, applying Lemma 13 to this spine, one gets that (Recall the definition of L ± in Definition 16).
On the other hand, F (L ) ⊂ L − ∪ L + by Lemma 7 since L ⊂ D(F ). It follows that 1 ≤ n(L ) and also n(L ) ≤ 2k by Lemma 5(1) since F has no periodic points and
Clearly L ⊂ L − because L 0i < L . Then, Lemma 6 applied to L * = L implies that f (L −) exists and satisfies
But F ((L 0i , L )) (and so F (F n (c) (c * * ))) covers (f (
(Recall the definition of V in Definition 16) Then, F (F n (c) (c * * )) covers (W, W ) as in the statement. Choosing c * = c * * and n (c) = n (c) + 1 we obtain the result.
A.3. Proof of Theorem 2. Let F be a λ-hyperbolic triangular map satisfying (H1) and (H2) with λ > 2 and Dom(F ) = Σ \ L 0 . We assume by contradiction that the following property holds: (P) F has no periodic points. Since L − ∪ L + ⊂ Σ \ L 0 and Σ \ L 0 = Dom(F ) we also have
Then, the results in the previous subsections apply. In particular, we have that Dom ( Hence there a positive integer n such that F n (B ji ) covers B ji . Applying Lemma 11 to suitable curves c * ⊂ Cl(c * ) ⊂ c ⊂ B ji we obtain that F has a periodic point. This contradicts (P) and the proof follows.
